We study mixing boundary conditions in AdS 2 motivated by a family of 1/6 BPS Wilson loops in ABJM theory which interpolates between the bosonic 1/6 and the 1/2 BPS loops. The deformation that takes the 1/6 loop to the 1/2 loop is Q-exact and can be thought as an exact marginal deformation in the defect CFT 1 defined by the loop. Insertions along the loop lead to conformal
Introduction
In the AdS/CFT context, Wilson loops have a dual description in terms of open strings [1, 2] . Hence, boundary conditions on the dual strings become crucial for the correct field theory interpretation of any gravity computation. For the N = 4 super Yang-Mills case, the dual open strings propagate in AdS 5 × S 5 and, depending on whether one imposes Dirichlet or Neumann boundary conditions on S 5 directions, the same string worldsheet accounts for the locally supersymmetric Wilson loop, coupled to scalars and gauge fields, [3] or the ordinary non-supersymmetric Wilson loop, coupled only to the gauge potential [4] . More precisely, the string fluctuations along the S 5 give rise to massless scalar fields in AdS 2 and the possibility of two duals for the same bulk object follows from the mass being within the Breitenlohner-Freedman window [5] . As it is well known, the generating functions for Dirichlet and Neumann boundary conditions are related to each other by a Legendre transformation [6] . In the BF window, a third possibility arises mixing Dirichlet and Neumann boundary conditions. Arbitrary linear combinations breaks the AdS isometries and, as shown in [7] , they are dual to relevant deformations of the CFT by double trace operators (see also [8, 9, 10] ).
A step forward in the analysis of mixing boundary conditions was taken in [11] , studying them within the context of the string duals to N = 4 super Yang-Mills Wilson loops. The results showed that they should be interpreted as renormalization group flows in the 1-dimensional defect theory defined along the Wilson loop. More precisely, it was argued that the ordinary Wilson loop and the locally supersymmetric Wilson loop corresponded respectively to the UV and IR fixed points of the flow. In that case, mixing boundary conditions were imposed for all of the S 5 angular coordinates. Although mixed boundary conditions for some of the S 5 coordinates is also possible, to date the dual field theory interpretation of them is not clearly understood. More importantly for the present paper, it was also shown in [11] that supersymmetry was preserved only for Dirichlet boundary conditions on the S 5 .
For the case of Wilson loops in N = 6 super Chern-Simons-matter or ABJM theory, the dual open strings propagate in AdS 4 × CP 3 and the consideration of mixing boundary conditions leads to various interesting distinctions with respect to the N = 4 super Yang-Mills case. To begin with, there are two distinct locally supersymmetric Wilson loops in ABJM with the same string dual: the 1/2 BPS Wilson loops [12] , coupled to gauge fields, scalars and fermions, and the bosonic 1/6 BPS Wilson loop coupled solely to scalars [13, 14] (see [15] for a recent review on ABJM Wilson loops). The dual open string of the former has Dirichlet boundary conditions in all CP 3 coordinates, while the latter's dual string has Neumann boundary conditions for some CP 1 ⊂ CP 3 and Dirichlet for the rest. Hence, for ABJM theories not only Dirichlet, but also Neumann boundary conditions are consistent with supersymmetry. A natural question then arises: whether mixing boundary conditions could give rise to Wilson loops that interpolate between the 1/2 and the 1/6 BPS ones. Interestingly, such a supersymmetric family of interpolating Wilson loops was found in [16, 17] . Although it is natural to expect that the dual interpretation of them should be given in terms of some type of mixing boundary conditions, the precise details are not fully obvious and the role of supersymmetry have not been discussed yet in the literature.
The aim of this paper is to propose certain mixing boundary boundary in AdS 2 corresponding to the interpolating Wilson loops described in [16, 17] . There are two important restrictions that will guide us to make a proposal. The first one is that the corresponding mixing boundary boundary should preserve as much supersymmetry as that of the Neumann endpoint. The second restriction is that the mixing boundary conditions should account for an exact marginal deformation rather than a renormalization group flow in the 1-dimensional theory. The reason being that the vacuum expectation value of the whole family of Wilson loops, related to the free energy of the 1-dimensional defect theory, is independent of the interpolating parameter.
The paper is organized as follows: In section 2 we review the family of Wilson loops which interpolates between the 1/2 and the bosonic 1/6 BPS Wilson loops. In section 3 we argue what is the appropriate mixing boundary conditions to be impose on the dual open string.
Supersymmetric Wilson Loops in ABJM
A central contribution of the paper [12] was to express the ABJ(M) Wilson loops in terms of a U (N |M ) superconnection L,
The quantities M I J (τ ),M I J (τ ), η α I (τ ) andη I α (τ ) parameterize local couplings along the loop, with the latter two being Grassmann even.
Bosonic 1/6 BPS WL:
The simplest way to obtain a locally supersymmetric Wilson loop is by demanding δ susy L = 0 under a supersymmetry transformation. This condition permits at most 1/6 of the total amount of supersymmetries when the fermionic couplings are set to zero and the scalar coupling to M 1 6 =M 1 6 = diag(−1, −1, 1, 1). It leads to the preservation of SU (2) × SU (2) of the SU (4) R-symmetry group. For a straight line or a circle one obtains the bosonic 1/6 BPS Wilson loops.
Fermionic 1/6 and 1/2 BPS WL: a higher amount of preserved supersymmetry and R-symmetry can be obtained if we demand the L-variation to be pure (super)-gauge
with D the (super)-covariant derivative constructed out from the connection L, Λ an element of u(N |M ) and {·, ·] the supercommutator. A 1/2 BPS solution can then be found, for the straight line and the circle, for particular non-zero fermion couplings and scalar coupling M 1 2 =M 1 2 = diag(−1, 1, 1, 1) which now preserves U (1) × SU (3) of the R-symmetry group. Condition (2.3) implies that the holonomy of the superconnection transforms covariantly under a supersymmetry transformation, therefore, by an appropriately chosen 'trace' a closed contour will become invariant [12, 18, 19 ].
Straight Wilson Line Family
We are after superconnections L interpolating between bosonic 1/6 and fermionic 1/2 BPS Wilson loop. The natural ansatz introduces a parameter ζ in both scalar and the fermion couplings, M and η, so that for ζ = 0, 1 we obtain the bosonic 1/6 and 1/2 BPS WL respectively.
We start considering the case of a straight Wilson line
Imposing the preservation of the 1/6 bosonic Wilson line supersymmetriesΘ 12 + andΘ 34+ for all ζ, one finds that for M (ζ) =M (ζ) = diag(−1, −1 + 2ζ 2 , 1, 1), (2.5) and
the superconnection L (ζ) transform as in (2.3) with Λ involving only off-diagonal blocks
Here,
The Wilson loops family W (ζ) R , having scalar and fermion couplings given by (2.5) and (2.6), interpolates between the bosonic 1/6 BPS Wilson loop for ζ = 0 and the 1/2 BPS Wilson loop for ζ = 1 1 . For generic values of ζ, the Wilson loop preserves the same supercharges as the bosonic 1/6 Wilson loop and U (1) × U (1) × SU (2) ⊂ SU (4). We shall exploit this fact to correctly identify the dual string theory configuration in the next section. In the limiting ζ = 1 case there is an enhancement of supersymmetry since (2.3) is also met for transformations generated byΘ 13 
Q-Exactness of the Straight Line
The expectation values of the 1/6 and 1/2 straight Wilson lines are unity. This follows from their difference being Q-exact [12] and the 1/6 straight WL having unit vev. We now show that the the difference W (ζ)
R is Q-exact for all values of ζ hence implying that the whole family has trivial vev [17] W (ζ)
We start decomposing the superconnection as L (ζ) = L (0) +L (ζ) , with
the difference between WL's then takes the form
where we have left the 1/6 superconnection in the exponent and expanded the ζ-dependent piece.
for Q given by Q = Q + 12 + Q 34+ . Hence, calling 13) and using that QL (0) = 0, we get,
In obtaining the last term in the second line, Ω = Λ|θ12 =θ 34 with the θ's stripped away, we used (2.3) 2 . The last line results from the local product in the second line givingL 
(2.15) Expanding the last exponential in this expression we find it coincides with the rhs of (2.11). We conclude that W
Circular Wilson Loop Family
A similar analysis can be extended for a circular Wilson loop with 
Circular Wilson loops are invariant under a particular combination of Poincaré and conformal supersymmetry transformations. FromΘ
transformations generated byΘ 12 andΘ 34 , restricted bȳ
are common to both the 1/2 and 1/6 BPS circular loops if the bi-fundamentals couplings are chosen as in (2.5) and the fermion couplings η α 1 andη 1 α are taken to be eigenvectors of (1 +ẋ µ γ µ ) β α when acting from the left and right respectively. Explicitly,
which are not complex conjugate to each other, and have been normalized to satisfy η 1η 1 = 2iζ 2 . Under these conditions, (2.3) is met with Λ off-diagonal and given by
Q-Exactness of the Circular Loop
The Q-exactness (2.16) for the circular loop case cannot be shown as simply as above due to a boundary term at 2π that we disregard for the straight line. Nevertheless, the statement (2.16) remains true for the circle since the steps in [12] apply straightforwardly as shown in [16, 17] . We review them below. The difference in (2.11) between the interpolating loop and the 1/6 BPS WL now involves an integral over τ ∈ [0, 2π] with
One easily checks that as in [12] , the choice
Acting again with Q results in QL
F , F ) the same expressions as in [12] .
Dual String Worldsheets and Mixing Boundary Conditions
We would like to establish boundary conditions for string duals to the Wilson loops described in the previous section. To motivate them, we begin reviewing the boundary conditions associated with the endpoints of the interpolation, i.e. ζ = 0, 1, and discuss how bosonic and fermionic symmetries are realized.
1/2 BPS Wilson loop. ζ = 1: the dual string worldsheet subtends an AdS 2 ⊂ AdS 4 and sits at a fixed point inside CP 3 , therefore preserving an SU (3) ⊂ SU (4). Concomitantly, this means we impose Dirichlet boundary conditions for all the angular coordinates in CP 3 . In terms of the explicit coordinates displayed in appendix B the string sits at u = α = θ 1 = ϕ 1 = 0.
Bosonic 1/6 BPS Wilson loop. ζ = 0: a supersymmetry analysis [13] , [20] shows that worldsheets sitting at α = 0 with unspecified θ 1 and ϕ 1 have four common supersymmetries. We shall interpret this as imposing Neumann boundary conditions on two CP 3 angular coordinates (see [4] for a related proposal in N = 4 SYM). Thus, in this case, the preserved R-symmetry is SU (2) × SU (2) ⊂ SU (4).
Therefore, to account for the Wilson loop family W (ζ) we expect to have a parameter implementing the interpolation between Neumann and Dirichlet boundary conditions for two of the CP 3 scalar fluctuations. Moreover, since the interpolating Wilson loops are supersymmetric for all values of ζ, so should be the interpolating boundary conditions. This implies that to correctly identify them we should include fermions into the analysis. Additionally, since the interpolating Wilson loops constitutes a superconformal defect for any value of ζ, the boundary conditions should preserve conformal invariance. This last observation differs substantially from the known interpolation in N = 4 SYM [11] , [21] .
Free Fields in AdS 2 and Supersymmetry
For concreteness we work with the linearized action around the open string worldsheet
wrapping an AdS 2 ⊂ AdS 4 (see appendix B for AdS 4 ×CP 3 conventions). It is immediate to verify that (3.1) solves indistinctly Dirichlet, Neumann or mixed boundary conditions for θ 1 and ϕ 1 . Quadratic fluctuations around it give rise to 8 real scalars and 8 Majorana fermions on an AdS 2 geometry. The two scalars arising from AdS 4 fluctuations have m 2 B = 2 and the remaining six scalars, coming from fluctuations along CP 3 , are massless m 2 B = 0. The fermionic fluctuations lead to six massive modes with |m F | = 1 and two massless ones with m F = 0 [22] . The presence of massless fermions constitutes the crucial difference with respect to the AdS 5 × S 5 case and will eventually become the reason why boundary conditions other than Dirichlet can be consistent with supersymmetry in ABJM models. The set of fluctuations can be packed into 4 complex scalars and 4 Dirac fermions. We generically refer to each of them as φ and ψ respectively, and we will be particularly interested in the massless modes. For completeness we remind the reader that in AdS 2 alternative quantizations for bosons and fermions arise respectively for − 1 4 ≤ m 2 B ≤ 3 4 and |m F | ≤ 1 2 (see [5] , [23] ). For any complex pair of fluctuation fields, the dynamics can be obtained from the following bulk action [24] ,
with h αβ the induced AdS 2 worldsheet metric. In Poincaré coordinates, setting the radius of AdS 2 to 1, h ab reads
with ε a Dirac AdS 2 Killing spinor,
In Poincaré coordinates (3.3), the solution to the Killing spinor equation can be written as
(see appendix C for details). Massive scalars pair with massive fermions, and massless fermions necessarily pair to massless bosons. In N = 4 SYM, all fermions have |m F | = 1 and it was shown in [11] that although we could pair them to massless bosons, which allow for alternative quantizations in AdS 2 , supersymmetry allow only Dirichlet boundary conditions for the bosons. The presence of massless fermions in ABJM turns out to be crucial to permit the kind of supersymmetric boundary conditions we will be discussing below.
Supersymmetric Boundary Conditions and Massless Fields
In what follows we present some admissible supersymmetric boundary conditions for a multiplet consisting of massless bosonic and fermion fields. The behavior of the fields near the boundary is
where α ψ , β ψ are eigenvectors of the projectors along the radial direction P ± defined in (C.2)
Recall that in the massless case, fermions have a single decay at the boundary ∆ F ± m F =0 = 1 2 . Using these results in combination with (3.4), the Killing spinor (3.6) gives
The Dirichlet boundary condition α = 0 is invariant under a supersymmetry transformation if we quantize the fermion with α ψ = 0, which in turn is preserved when α = 0. Similarly, the Neumann boundary condition β = 0 is preserved by supersymmetry when accompanied with β ψ = 0 boundary condition on the fermions. For both cases supersymmetry is met without requiring any restriction on the Killing spinor. Being the constant spinor Dirac, implies four real supercharges that can be regarded as 1/6 of the 24 supercharges of the theory. Given the fact that both Dirichlet and Neumann boundary conditions are supersymmetric in the case of massless fields, one could hope there must be some generalized supersymmetric boundary condition interpolating between the two, as sketched in fig. 2 .
Interpolating Bdry Cond.
? Figure 2 : There should exist some generalized supersymmetric boundary conditions corresponding to the interpolating Wilson loops depicted in fig. 1 
Standard Mixing Boundary Conditions
A natural condition to consider is the standard mixing boundary condition for the scalar field,
This has been thoroughly studied in the context of double trace deformations in [7, 10] and related to N = 4 SYM interpolating Wilson loop in [11, 21] . It is perhaps the simplest way to interpolate between Dirichlet and Neumann boundary conditions, but there are two reasons for not being adequate to the interpolating Wilson loops at hand. The first problem is that (3.12) demands a restriction on the Killing spinor. The condition above supplemented with the following condition on the spinor
are preserved under supersymmetry transformation, but only for the transformations arising from the t-independent component of ξ(t). This reduces by half the amount of supersymmetry resulting in the preservation of two instead of four supersymmetries. The second problem results from the constant χ being dimensionful, hence implying that the scale invariance of the dual 1-dimensional defect theory will be broken. This will become evident when computing correlation functions below.
Mixing Boundary Conditions containing Derivatives
There is a more interesting possibility. To discover it, notice that preserving the Dirichlet fermionic boundary condition α ψ = 0 requires actually a less stringent scalar field condition, namelyα = 0. Thus, we propose a mixing between the conditions β = 0 andα = 0. More precisely,
When considering real and imaginary parts, α = α 1 + iα 2 and β = β 1 + iβ 2 , we get 3
Now, the supersymmetry variation of the bosonic boundary condition (3.14) vanishes provided we impose on the fermions 17) or in terms of the real multiplets
19)
In contrast with the previous case, conditions (3.14) and (3.17) are supersymmetric without any restriction on the Killing spinor and therefore they preserve as many supersymmetries as Neumann and Dirichlet boundary conditions. Additionally, the interpolating parameter χ is dimensionless and, as will be we shown in the next section, the scale symmetry in the dual 1-d defect theory will be preserved. Still, the mixing boundary condition (3.14) is not an interpolation of the kind represented in fig. 2 since a conditionα = 0 rather than α = 0 is at one of the endpoints. Sinceα = 0 does not specify the constant value of the complex scalar at the boundary, it might be interpreted as if the two angular coordinates associated to these two scalar fluctuations have been smeared over all their possible values.
Integrated Mixing Boundary Conditions
We would like to discuss now an alternative boundary conditions, involving integrals, which can be related to the boundary conditions discussed in the previous subsection. Let us consider for instance 
Boundary Terms and the Variational Problem
The different boundary conditions discussed so far should arise from the vanishing of boundary terms in a well posed variational problem. To achieve this, the action (3.2) must be supplemented with appropriate boundary terms. The specification of these boundary terms is important when it comes to the evaluation of the on-shell action in order to compute correlation functions in the dual 1dimensional defect theory.
Standard Mixing Boundary Conditions
We start considering a N = 1 supermultiplet in AdS 2 consisting in a real scalar φ and a Majorana fermion ψ [24] . Adding the following boundary term to the action (3.2)
with γ the induced metric on the y = surface, the variation of the total bosonic action after imposing the equations of motion reads
Here ∂ n φ = n · ∂φ stands for the (outer) normal derivative to the boundary. For this to be vanishing we impose
which we identify with the boundary condition (3.12) by using the expansion (3.7) 4 . On the fermion side, we proceed following [25] . The variation of the bulk action evaluated on-shell gives,
here γ n = n · γ. This variation vanishes if fermions satisfy (3.13), indeed
Hence the bulk action (3.2) supplemented by the boundary term (3.22) gives a well posed variational problem for fields satisfying (3.12) and (3.13) .
It is straightforward to repeat this analysis for a pair of real scalar fields. In fact, we can set boundary conditions mixing two different fields, namely 5 ,
This configuration will preserve the same supersymmetry as the one considered before. Actually, it will preserve two of the same kind, which can be arranged as a complex Killing spinor acting on a complex multiplet. Half of the total supersymmetries are preserved if we also impose,
The boundary conditions (3.27) , is obtained by the addition of the following boundary potential
Mixing Boundary Conditions Containing Derivatives
We now consider a N = 2 scalar mutiplet comprising a complex scalar φ and a Dirac fermion ψ.
Adding the following boundary term to the action (3.2),
after imposing the equations of motion, one obtains
The variational problem for the scalar sector becomes well defined if we demand 
The Integrated Mixing Boundary Conditions
We now analyze the boundary terms that would implement the integrated boundary conditions (3.20)-(3.21) which can be written as
The appropriate boundary potential is,
Then,
Imposing (3.20)-(3.21) makes the variations in the third line to vanish 6 . For the fermions we have exactly the same boundary conditions as in the previous subsection so the the discussion for fermions there apply also to this case.
Correlators
In this section we perform the canonical GKPW procedure (see [26] , [27] ) and compute, holographically, QFT correlation functions associated to the different kinds of boundary conditions discussed above. Namely, we will turn on sources on the the rhs of the boundary conditions, compute the on-shell action and verify whether we recover the behavior of CFT 1 correlators by computing functional derivatives. We will extend the analysis presented in [10] to a pair of real massive scalars. We will analyze the different types of boundary conditions we have considered in the previous section, working in Euclidean AdS 2 written in Poincaré coordinates,
(4.1) 6 In passing to the third line we used the identity
The problem will be regularized in the standard way, setting the boundary conditions at y = > 0 and taking the → 0 at the end of the computations. We will be mainly concerned with the bosonic part of the action which we write as,
Standard Mixing Boundary Conditions
We start considering the case of two real scalars satisfying the inhomogeneous version of condition (3.27) . Adding the boundary term,
the usual equations of motion
have to be solved with the following boundary conditions
The on-shell action is given by,
To express it in terms of the sources f i , we solve (4.4)-(4.5) by a Fourier transform in the temporal variable,
The y dependence ofφ follows from
whose solution is given in terms of a Bessel functions [26, 28] 
with A i (ω) arbitrary coefficients. The case of interest to us is particularly simple, since for massless scalar fields ν = 1/2 and the Bessel function reduces to an exponential. In that case, the boundary condition (4.5) is solved for
The on-shell action becomes
Thus, for the Fourier transform of the of the 2-points correlations functions we get
As one might have expected, due to the introduction of the dimensionful parameter χ, the correlators are not those of a CFT unless in the χ → 0 or the χ → ∞ limits. For example, one gets
Thus, as χ goes from 0 to ∞ one finds an interpolation between CFT 1 2-pt functions of scalar operators with dimension ∆ = 0 and ∆ = 1, corresponding to irregular and regular quantizations respectively. The logarithmic 2-point function for χ → 0 arises from IR divergences, so the appropriate quantum operator in that case are not O i themselves but their time derivatives [11] .
Mixing Boundary Conditions with Derivatives
We now consider the boundary term
which enforces the following boundary conditions
The solution (4.9), is now given by 17) and the on-shell action takes the form
The 2-point correlation functions associated to the sources f 1 and f 2 are
Which equivalently in configuration space are given by
The first line indicates that the correlators are conformal, and correspond to that of operators with dimension ∆ = 0 for all values of χ. As in the previous case, time derivatives of O i should be considered as the good quantum operators, and the mixed correlators (4.22) should be seen as contact terms.
The Integrated Boundary Conditions
As our last example we consider the boundary term
The variation of the action in this case was computed in (3.36) and its vanishing is achieved with the boundary conditions
where F 1 (τ ) and F 2 (τ ) are arbitrary sources. Once again, doing a Fourier transform, a solution of the form (4.9) leads to the following system
Solving it for A 1 and A 2 we get 7
Replacing in the on-shell action we get,
So, for the correlators we have
which in configuration space are
Vacuum Energy
In this section we compute the vacuum energy for the AdS 2 supermultiplets with the supersymmetric mixing boundary conditions discussed so far. Namely, the boundary conditions involving derivatives (3.32) and its integrated version (3.34) . The vacuum energy for all the fluctuation modes is related to the 1-loop function for the string dual to the straight Wilson loop. This has been discussed in several works, see for example [29, 30, 31] . The idea is to compare these vacuum energies for different boundary conditions. More precisely, we would like to see whether this computation depends on the interpolating parameter χ or not. The full set of modes that has to be taken into account includes two scalars of mass m 2 B = 2, six scalars of mass m 2 B = 0, two fermions with m F = 0 and six other fermions with |m F | = 1. Following [24] , one can compute the energy for the modes of a real chiral multiplet on a global AdS 2 metric ds 2 = 1 cos 2 σ (dt 2 − dσ 2 ). (5.1) 7 We have discarded the evaluation in −∞ since we can express it as, limΛ→∞ ∞ −∞ dω |ω| ω e −|ω| e iΛω A(ω) and for any well behaved function it vanishes.
The supersymmetry analysis of different types of mixing boundary conditions can be naturally extended to these global coordinates. Some details are presented in appendix C.1.
In [24] , the solutions to the equations of motion for free bosons and fermions in AdS 2 were solved using boundary conditions that guarantee the conservation of the energy flux and the bosonic and fermionic inner products. The energy is given by
where T µν is the energy-momentum tensor and ξ a (global) timelike Killing vector. For the metric (5.1), ξ = ∂ t and proper conservation of energy is achieved if we demand a vanishing energy flux at spatial infinity,
For a scalar field this equation becomes equivalent to
Demanding a scalar field to have only a single fall-off at the boundary of the form φ ∼ ( π 2 ± σ) ∆ + , loosely referred to as Dirichlet boundary condition 8 , forces its supersymmetric partner to have the following spectrum of frequencies [24] ω B (n, m 2 B ) = n + ∆ + and ω F (n, |m F |) = n + |m F | + 1 2 .
(5.5)
The total vacuum energy contributing to the 1-loop partition function of the string dual to the 1/2 BPS Wilson line was computed in [32] as,
which, as usual, requires an appropriate regularization. This vacuum energy can be re-expressed in terms of the Hurwitz ζ-function,
Thus, the total vacuum energy is
When we turn to the 1-loop partition function of the string dual to the bosonic 1/6 BPS Wilson line, two of the massless scalar modes have the slower fall-off ( π 2 ±σ) ∆ − , which corresponds to Neumann boundary condition. The frequencies for this other kind of modes are
while their supersymmetry partners with − 1 2 < m F < 1 2 have
In the case of interest, since the modes with the alternative boundary conditions have m B = m F = 0, their contribution to the total vacuum energy does not change and E 1/6 = 0 as well [32] . This implies that the 1-loop determinants of the fluctuations for string dual to either the 1 2 or 1 6 Wilson lines are trivial, which is consistent with the fact that these Wilson lines have unit vev.
Mixing Boundary Conditions
We are now interested in computing the vacuum energies for the boundary conditions preserving as many supersymmetries as the Neumann boundary condition case, namely, the boundary conditions with derivatives and its integrated version. This is a rather different point of view as the one presented in [24] , since the type of boundary condition was dictated by supersymmetry. The analogue of conditions (3.14) in global coordinates is
The solution of a massless complex scalar in AdS 2 is φ(t, σ) = e iωt A cos(ωσ) + B sin(ωσ) ,
where ω > 0. We want to impose the boundary condition (5.11) at both ends. From the behavior at σ = π 2 we get a relation between integration constants,
Imposing now the the boundary condition at σ = − π 2 , we get,
and therefore we get ω = n, (5.16) with n being a non negative integer. Let us now turn to the fermionic fields. By adopting the representation (C.6) for the γ matrices, each component of the spinor directly corresponds to the the eigenvectors of P ± . Solutions to the Dirac equation are of the form
where ψ + (σ) = √ cos σ (µ 1 cos(ωσ) + µ 2 sin(ωσ)) , ψ − (σ) = √ cos σ (µ 2 cos(ωσ) − µ 1 sin(ωσ)) , (5.18) and ω > 0. The supersymmetric boundary conditions for fermions associated to (5.11) are (see (C.23) in appendix C.1)
Imposing the right boundary condition we get the relation, 20) and imposing the second condition we obtain,
Therefore we get ω = n + 1 2 (5.22) with n a positive integer.
We therefore see that the spectrum of frequencies for fermions and bosons is the same as for Neumann or Dirichlet boundary conditions. Thus, we conclude the vacuum energy and the associated 1-loop partition function are independent of the interpolating parameter χ. The same analysis is straightforwardly extended for the integrated boundary conditions leading to the same conclusion.
Had we have considered standard mixing boundary conditions of the form
we would have obtained the following condition on the scalar field frequencies
In this case, as one might have expected, the spectrum of frequencies does depend non-trivially on the deformation parameter.
Conclusions
We have studied different types of boundary conditions in AdS 2 interpolating between Dirichlet and Neumann. We concentrated on a specific set of fluctuations, for the string worldsheet dual to Wilson loops in ABJM theories, consisting in massless scalar and fermionic fields. Our motivation was to identify boundary conditions that could correspond to the interpolating Wilson loop family found in [16, 17] and reviewed in section 2. We interpreted the boundary conditions for the fluctuations as exact marginal deformations of the DCFT 1 defined by the loop.
As we have argued in the main text, the existence of massless fermionic fluctuations turned out to be crucial in order to have supersymmetric Neumann and mixing boundary conditions. At the end of the day, this is the reason why, in ABJM models, one finds a richer variety of supersymmetric Wilson loops, as compared to the N = 4 SYM case.
Since the interpolating Wilson loop preserves exactly the same supercharges as the bosonic 1/6 BPS Wilson loop, we expected the existence of a family of boundary conditions preserving the same supercharges as those of the Neumann case. This ruled out the simplest guess χα − β = 0 as being the holographic realization of the aforementioned Wilson loop family.
An interesting non-local interpolating boundary condition emerged in section 3.2.3. It not only preserved as many supersymmetries as the Neumann case, but it also showed other desirable aspects. More precisely, it had the standard Dirichlet boundary condition at one endpoint of the interpolation and, since the interpolating parameter is dimensionless, it did not break conformal invariance. This was further checked in subsequent sections: (i) by an explicit holographic computation of 2-point correlation functions and (ii) by computing the 1-loop partition function for the string dual to the straight Wilson loop case. In this last case, we showed that the result is independent of the deformation parameter, in accordance with field theory expectations where the interpolating deformation was shown to be Q-exact.
In section 3.2.2 we studied boundary conditions involving time derivatives 9 , which preserved the same set of supersymmetries as the integrated version. We interpreted them as the interpolation between a string with Neumann boundary conditions and a string smeared in CP 1 ⊂ CP 3 . On the field theory side the smearing might be realized integrating the Wilson loop family over the SU (2) ⊂ SU (4) rotations acting in the internal space directions I = 1, 2.
The question of which are the boundary conditions for the dual description of certain supersymmetric interpolating Wilson loops, motivating the present work, led us to explore different possibilities. While the simplest guess χα − β = 0 did not meet the expected requirements, it posed a new question: is it possible that it corresponds to a less supersymmetric Wilson loops breaking the d = 1 defect conformal invariance? It would be interesting to study the interpolating Wilson loop perturbatively as in [21] and also to compute higher point holographic correlators as in [35] . Similarly, the setup becomes adequate to study integrability aspects of this interpolating Wilson loop not only from the gravity side but also from the field theory as was done for N = 4 SYM case in [36] . Interpolating Wilson loops have also been constructed in quiver Chern-Simons-matter theories [17, 37] and could also be described holographically along the lines of this article. One could also wonder how our DCFT 1 deformations will map in flat space as recently discussed in [38] to explore the tantalizing idea of realizing AdS/CF T on the lab. More ambitiously, one would also like to understand the rich phase space structure of Wilson loops in ABJM. While here we have focused only on marginal deformations connecting the bosonic 1/6 BPS loop and the 1/2 BPS loop, there are many other possible interpolations, for example that where at one endpoint the full SU (4) R symmetry is preserved, meaning a Wilson loop coupled only to gauge fields. Although we were mainly interested in investigating dual description of Wilson loops, it is also natural to think in the use of these mixing boundary conditions as holographic double trace deformations in other setups were AdS 2 appears as holographic dual, for example supersymmetric SYK models [39] .
Acknowledgments
We would like to thank Jeremías Aguilera-Damia for useful discussions on this problem. This work was supported by PIP 0681, PIP 1109, PIP UE 084 Búsqueda de Nueva Física, UNLP X791 and UNLP X850.
A Supersymmetry transformations in ABJM theory
We work in Euclidean 3d space with γ µ = σ µ , the usual Pauli matrices. Indices are raised and lowered as ψ α = αβ ψ β and ψ α = αβ ψ β with +− = −+ = 1 The AdS 2 factor can be written in Poincare or global coordinates depending on whether we want to talk about the straight line or the circular WL. Holographic Wilson loops will be given by a fundamental string extending in the AdS 2 factor. The one half BPS string sits at α = 0 and θ 1 = 0, i.e. a point in CP 3 . One can check, that all string configurations sitting at arbitrary points |z 1 | 2 + |z 2 | 2 = 1 share four common supersymmetries, hence a string worldsheet with Neumann boundary conditions on θ 1 , ϕ 1 is 1 6 BPS [13].
C AdS 2 Spinor Conventions and Supersymmetry
In this appendix we set different conventions we use along the paper to describe spinors and supersymmetry in AdS 2 . For Poincaré coordinates:
Frames: e 0 = dt y , e 1 = dy y Spin connection: ω 01 = e 0 . Covariant derivatives: D µ = ∂ µ + 1 4 ω µ ab γ ab D t = ∂ t + 1 2y γ 5 , D y = ∂ y with γ 5 = γ 0 γ 1 . Curved gammas: γ µ = e a µ γ a . Then, γ t = 1 y γ 0 , γ y = 1 y γ 1 with {γ a , γ b } = 2η ab , η ab = diag(1, −1) It is convenient to define projectors along the (unit) normal direction to the boundary n = y∂ y as
The Killing spinor equation is
We start solving the y component from (C.3)
Inserting in the other equation one findṡ ε(t) = − i y e i log y γ 1 P + γ 0 ε(t) → ε − (t) = 0 ε + (t) = −iγ 0 ε − (t) → ε(t) = (1 − itγ 0 P − )
The Killing spinor ends up depending on a constant spinor which we decomposed as = + + − with iγ 1 ± = ± ± gives [40] ε(t, y) = y −1/2 + + y 1/2 + y −1/2 (−itγ 0 ) − (C.4)
Notice that there are two different types of supersymmetries: (i) those generated by + are independent of the boundary coordinate t and (ii) those coming from by − depend on t.
In the analysis of supersymmetric boundary conditions it is useful to notice that the Killing spinor can be written as ε(t, y) = y −1/2 ξ(t) + y 1/2 iγ 0ξ (t) withξ(t) = 0, iγ 1 ξ(t) = ξ(t) (C.5) So far we have not attached ourselves to any particular Dirac algebra representation. At some point we will use the representation,
We will also consider the global coordinates for AdS 2 metric
(C.7)
Since there are two boundaries, we shall use indices p and m to distinguish between the expansions of the fields near σ = + π 2 and σ = − π 2 respectively. The exact solution to the Killing spinor equation is in this case [24] ε = cos −1/2 σ cos σ 2 − iγ 1 sin σ 2 ξ(t), where ξ(t) = cos t 2 − iγ 0 sin t 2 ξ 0 . (C.8)
C.1 Supersymmetry in Global AdS 2
We shall analyze the supersymmetry of the boundary conditions in each boundary separately. Expanding near the right boundary = √ 2( π 2 − σ) −1/2 P − ξ(t) + 1 √ 2 ( π 2 − σ) 1/2 P + ξ(t) + O ( π 2 − σ) 3/2 , (C.9)
In these coordinates, the Klein-Gordon and the Dirac equations are, For massless fields, the expansion of their solutions near σ = π 2 are φ(t, r) = α p (t) + 1 2α p (t)( π 2 − σ) 2 + · · · + ( π 2 − σ) β p (t) + 1 6β p (t)( π 2 − σ) 2 + · · · (C.12) ψ(t, r) = ( π 2 − σ)
where as before, P − α ψ p = α ψ p and P + β ψ p = β ψ p We proceed similarly for the opposite boundary. For the Killing spinor we have = √ 2( π 2 + σ) −1/2 P + ξ(t) + 1
The expansions for the solution to the massless Klein-Gordon and Dirac equations are now φ(t, r) = α m (t) + 1 2α m (t)( π 2 + σ) 2 + · · · + ( π 2 + σ) β m (t) + 1 6β m (t)( π 2 + σ) 2 + · · · (C.15) ψ(t, r) = ( π 2 + σ) We check now the supersymmetry of the boundary condition. We impose in both boundaries 10 iχ∂ t φ − ∂ σ φ σ=± π 2 = 0 (C. 21) which in terms of the functions of the expansion are iχα p (t) + β p (t) = 0, iχα m (t) − β m (t) = 0, (C.22)
Using supersymmetry on these equations, we get iχβ ψ p (t) − γ 5 α ψ p (t) = 0, iχα ψ m (t) − γ 5 β ψ m (t) = 0, (C.23)
Notice that we did not need to impose any constraint on the spinors, so this boundary condition preserves fully the supersymmetries generated by ε.
For the integrated boundary conditions in these coordinates, we can have
dt β m (t ) = 0, (C. 24) which are shown to preserved all the supersymmetries when taking the same fermionic boundary conditions as in (C.23). 10 The relative orientations between the time and the radial derivatives have to be the same in both boundaries. This preserves the same relative sign for the terms in the boundary conditions at π 2 and − π 2 in (C.21).
